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Boost-rotation symmetric vacuum spacetimes with spinning sources
A. Pravdova´∗ and V. Pravda†
Mathematical Institute, Academy of Sciences, Zˇitna´ 25, 115 67 Prague 1, Czech Republic
Boost-rotation symmetric vacuum spacetimes with spinning sources which correspond to gravi-
tational field of uniformly accelerated spinning “particles” are studied. Regularity conditions and
asymptotic properties are analyzed. News functions are derived by transforming the general spinning
boost-rotation symmetric vacuum metric to Bondi-Sachs coordinates.
PACS numbers: 04.20.Jb, 04.30.-w
I. INTRODUCTION AND SUMMARY
Boost-rotation symmetric spacetimes correspond to gravitational field of uniformly accelerated “particles”. Usually
conical singularities, which provide the “source” of the acceleration, are also present on the axis of the axial symmetry.
Boost-rotation symmetric spacetimes have two Killing vectors (the axial ξ and the boost η Killing vectors) and
it has been proven that they are the only axially symmetric spacetimes with an additional symmetry that are ra-
diative and admit global null infinity [1]. This result was generalized for spinning sources, i.e. for non-hypersurface
orthogonal Killing vectors in [2]. Moreover boost-rotation symmetric spacetimes are the only radiative asymptotically
flat spacetimes known in an analytical form which represent moving sources. While there are several known boost-
rotation symmetric solutions with non-rotating sources (see [3, 4] and references therein), there is only one known
exact solution with spinning sources – the spinning C-metric [5, 6, 7] corresponding to two uniformly accelerated Kerr
black holes.
Thanks to the rotation of sources there appear torsion singularities besides conical singularities on the axis of
the axial symmetry and consequently there can be regions with closed timelike curves (see [8] and also [6, 9] for
examples and [9] for references).
The structure of a boost-rotation symmetric spacetime with hypersurface orthogonal Killing vectors was studied
in [10] and the general form of its news function was found in [11, 12]. Recently, news functions for spinning boost-
rotation symmetric Petrov type D spacetimes were computed in late time approximation in [13].
The present paper, where some results by Bicˇa´k and Bicˇa´k & Schmidt from [10, 11, 12] are generalized, is organized
as follows. In Sec. II spinning boost-rotation symmetric (brs) vacuum spacetimes in coordinates adapted to the boost
and rotation symmetries and null coordinates are examined, e.g. regularity of the spacetime on the roof and on
the axis and asymptotic flatness at null infinity are studied. In Sec. III the spinning brs metric is transformed from
the coordinates adapted to the boost and rotation symmetries to the Bondi-Sachs coordinates [14, 15, 16], suitable
for examining radiation, to find the news functions of spinning brs spacetimes.
II. SPINNING BOOST-ROTATION SYMMETRIC SPACETIMES – REGULARITY CONDITIONS,
ASYMPTOTIC BEHAVIOUR
The general form of spinning brs metric in coordinates adapted to the boost and rotation symmetries {t, ρ, z, ϕ}
is [6]
ds2 = −eλdρ2 − ρ2e−µdϕ2 + 2aeµ(zdt− tdz)dϕ+ a2eµ(z2 − t2)dϕ2
− 1
z2 − t2 [(e
λz2 − eµt2)dz2 − 2zt(eλ − eµ)dz dt− (eµz2 − eλt2)dt2] , (1)
where µ, λ, and a are functions of
A = ρ2, B = z2 − t2 .
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2It has two Killing vectors
ξ =
∂
∂ϕ
, η = t
∂
∂z
+ z
∂
∂t
(2)
with norms
ξαξα = gϕϕ = −ρ2e−µ + a2(z2 − t2)eµ = −Ae−µ + a2Beµ ,
ηαηα = gttz
2 + gzzt
2 + 2gztzt = Be
µ .
As in the non-spinning case [10], two null hyperplanes B = 0, i.e. z = ±t, will be called the “roof”, the points with
A = 0 the “axis”, the region of the spacetime with B < 0 “above the roof”, and finally the region with B > 0 “bellow
the roof”. Notice that the behaviour of the boost and axial Killing vectors (2) is more complicated in the spinning
case. Bellow the roof (B > 0), the boost Killing vector η is mostly timelike as in the non-spinning case but in
the vicinity of spinning sources there may also occur ergoregions where it is spacelike. Due to the presence of spinning
strings there may be also regions in their neighbourhood with closed timelike curves where the axial Killing vector ξ
is timelike. In order to determine if there exist both timelike and spacelike Killing vectors everywhere bellow the roof
(B > 0), we study a general linear combination of the boost and the axial Killing vectors with constant coefficients
X = c1ξ + c2η. Its norm may be both positive and negative if the product of eigenvalues of the quadratic form
(c1
2gφφ + . . .) given by the norm is negative, i.e. if −ρ2B < 0, which is satisfied everywhere bellow the roof, where
the spacetime is thus stationary and may be transformed to the stationary Weyl metric (A1) (see e.g. [6]). However,
above the roof (B < 0), the product is everywhere positive −ρ2B > 0 and thus there does not exist a timelike Killing
vector and the spacetime is nonstationary there.1
Vacuum Einstein’s equations for the spinning brs metric (1) are
Aµ,AA+Bµ,BB +µ,A+µ,B = −B
A
e2µ(Aa,A
2 +Ba,B
2) , (3)
0 = AB
(
e2µa,A
)
,A+
(
B2e2µa,B
)
,B , (4)
(A+B)λ,A = (A−B)µ,A−2Bµ,B −B(Bµ,B2 −Aµ,A2) + 2ABµ,A µ,B
+
B2
A
e2µ(Ba,B
2 −Aa,A2 − 2Aa,A a,B ) , (5)
(A+B)λ,B = (A−B)µ,B +2Aµ,A+A(Bµ,B2 −Aµ,A2) + 2ABµ,A µ,B
−Be2µ(Ba,B2 −Aa,A2 + 2Ba,A a,B ) . (6)
Notice that Eqs. (3), (4) are integrability conditions for Eqs. (5), (6).
First let us investigate the regularity of the roof and the axis. From Eq. (5) it follows that on the roof (i.e. for
B = 0)
λ,A (A, 0) = µ,A (A, 0) → λ(A, 0)− µ(A, 0) = K1 = const .
The roof is regular (i.e. gzz, gtt, and gtz in (1) are nonsingular on the roof) if for B = 0
λ(A, 0) = µ(A, 0) , i.e. K1 = 0 . (7)
From Eqs. (3), (5), and (6) on the axis (A = 0) we get
a,B (0, B) = 0 → a = a˜0 + a˜1(B)A+O(A2) , a˜0 = const ,
λ,B (0, B) + µ,B (0, B) = 0 → λ(0, B) + µ(0, B) = K2 = const .
The axis regularity condition
lim
ρ0→0
1
2pi
∫ 2pi
0
√
gϕϕ|ρ0dϕ∫ ρ0
0
√
gρρdρ
= 1
1 It is easier to perform these calculations in coordinates {γ, ρ, β, ϕ} and {b, ρ, χ, ϕ}, given in App. A, for regions bellow and above
the roof, respectively.
3(or equivalently gxx, gyy are nonsingular and gxy = 0 there, see (A5) in App. A) is satisfied if
a(0, B) = 0 , → a = a˜1(B)A +O(A2) , i.e. a˜0 = 0 , (8)
λ(0, B) + µ(0, B) = 0 , i.e. K2 = 0 . (9)
If K2 6= 0 there is a conical singularity along the axis and if a˜0 6= 0 a torsion singularity is present there. The regularity
condition of the roof (7) is the same as for nonspinning brs spacetimes [10], however, a new condition (8) arises for
the regularity of the axis except for (9) which also appears in the nonspinning case [10].
Now let us turn our attention to asymptotic behaviour of spinning brs spacetimes at null infinity. For this purpose
we transform (1) to null coordinates in two steps: first transforming it to coordinates {b, ρ, χ, ϕ} by (3.10) in [10]
b =
√
−B =
√
t2 − z2 , tanhχ = ±z
t
we obtain the metric
ds2 = eλ(db2 − dρ2)− ρ2e−µdϕ2 − b2eµ(dχ+ adϕ)2 . (10)
Finally transforming (10) to coordinates {u¯, v¯, χ, ϕ} by (3.15) in [10]
u¯ = b− ρ , v¯ = b+ ρ
we obtain
ds2 = eλdu¯dv¯ − (v¯ − u¯)
2
4
e−µdϕ2 − (v¯ + u¯)
2
4
eµ(dχ+ adϕ)2 . (11)
Vacuum Einstein’s equations for (11) read
µ,u¯v¯ +
1
v¯2 − u¯2 (v¯µ,u¯−u¯µ,v¯ ) =
( v¯ + u¯
v¯ − u¯
)2
e2µa,u¯ a,v¯ ,
0 = a,u¯v¯ +a,u¯
(
µ,v¯ +
v¯ − 2u¯
v¯2 − u¯2
)
+ a,v¯
(
µ,u¯+
2v¯ − u¯
v¯2 − u¯2
)
,
−u¯λ,u¯ = v¯µ,u¯+ v¯
2 − u¯2
4
µ,u¯
2 +
(v¯ + u¯)3
v¯ − u¯
e2µ
4
a,u¯
2 , (12)
−v¯λ,v¯ = u¯µ,v¯ − v¯
2 − u¯2
4
µ,v¯
2 − (v¯ + u¯)
3
v¯ − u¯
e2µ
4
a,v¯
2 .
Assuming the metric functions µ, λ, and a to have expansions in v¯−1 for v¯ →∞ (µ(u¯, v¯) = µ0(u¯) + µ1(u¯)/v¯+ . . .)
and solving Eqs. (12) at null infinity, i.e. for the limit v¯ →∞ and u¯, χ, ϕ constant, we get
µ = µ0 +
µ1(u¯)
v¯
+O(v¯−2) ,
λ = λ0(u¯) +
λ1(u¯)
v¯
+O(v¯−2) , (13)
a = a0 +
a1(u¯)
v¯
+O(v¯−2) ,
where a0 and µ0 are constants and λ0(u¯) satisfies
λ0,u¯= − 1
4u¯
(
4µ1,u¯+µ1,u¯
2 + e2µ0a1,u¯
2
)
.
The metric (11) with the metric functions (13) is asymptotically Minkowskian at null infinity as in the limit v¯ →∞
and u¯, χ, ϕ constant, it can be transformed to the Minkowski metric using the transformations (3.23), (3.24) in [10]
u¯′ = e
1
2
µ0
∫
eλ0(u¯)du¯ , v¯′ = e−
1
2
µ0 v¯ , χ′ = eµ0χ
and
χ′′ = χ′ + a0e
µ0ϕ .
4III. THE BONDI-SACHS COORDINATES AND NEWS FUNCTIONS FOR SPINNING BRS
SPACETIMES
In this section we transform the spinning brs metric (1) into the Bondi-Sachs coordinates {u, r, θ, φ}, in which
the metric, that does not depend on φ because of the axial symmetry, has the form [14, 15, 16]
ds2 = guudu
2 + 2gurdudr + 2guθdudθ + 2guφdudφ+ gθθdθ
2 + gφφdφ
2 + 2gθφdθdφ (14)
with the following expansion for r →∞ and u, θ, and φ constant
guu = 1− 2M
r
+O(r−2) ,
gur = 1− c
2 + d2
2r2
+O(r−4) ,
guθ = −(c,θ +2c cot θ) +O(r−1) ,
guφ = −(d,θ +2d cot θ) sin θ +O(r−1) , (15)
gθθ = −r2 − 2cr − 2(c2 + d2) +O(r−1) ,
gθφ = −2dr sin θ +O(r0) ,
gφφ = −r2 sin2 θ + 2cr sin2 θ − 2(c2 + d2) sin2 θ +O(r−1) ,
where c, d, M are functions of u and θ. As a consequence of Einstein’s equations, time dependence of the mass aspect
M is determined by the news functions c,u and d,u [15, 16]
M,u= −(c,u2 + d,u2) + 12 (c,θθ +3c,θ cot θ − 2c),u .
If there is nonvanishing news function, gravitational radiation is present and the total Bondi mass at future null
infinity is decreasing.
In order to find the transformation of spinning brs spacetimes from the coordinates {t, ρ, z, ϕ} with the metric
(1) into the Bondi-Sachs coordinates {u, r, θ, φ} with the metric (14) and its expansions (15) we follow [11] and we
first transform the metric (1) to flat-space spherical coordinates {R, Θ, ϕ} and a flat-space retarded time U using
the relations
t = U +R ,
ρ = R sinΘ , (16)
z = R cosΘ .
We assume the metric functions to have the expansions in powers R−1
λ(U, Θ) = λ0(U, Θ) +
λ1(U, Θ)
R
+O(R−2) ,
µ(U, Θ) = µ0 +
µ1(U, Θ)
R
+O(R−2) , (17)
a(U, Θ) = a0 +
a1(U, Θ)
R
+O(R−2) ,
where µ0 and a0 are constants and thus
eλ = β(U, Θ)
(
1 +
λ1(U, Θ)
R
+O(R−2)
)
,
eµ = α
(
1 +
µ1(U, Θ)
R
+O(R−2)
)
(18)
with
β(U, Θ) = eλ0(U, Θ) ,
α = eµ0 . (19)
5Now we transform the metric further to the Bondi-Sachs coordinates by an asymptotic transformation
U =
o
pi (u, θ) +
1
pi (u, θ)
r
+
2
pi (u, θ)
r2
+O(r−3) ,
R = q(u, θ)r+
o
σ (u, θ) +
1
σ (u, θ)
r
+O(r−2) ,
Θ =
o
τ (u, θ) +
1
τ (u, θ)
r
+
2
τ (u, θ)
r2
+O(r−3) , (20)
ϕ = φ+
o
f (u, θ) +
1
f (u, θ)
r
+
2
f (u, θ)
r2
+O(r−3) .
Comparing the resulting metric expansions with the expansions (15) we obtain differential equations for coefficients
entering the asymptotic transformation (20). Since these equations are lenghty we present only their solutions in
App. B. Their integrability condition (obtained comparing (B4) and (B5)) turns out to be the same as in the non-
spinning case [11]
β,o
pi
o
pi +β,o
τ
tan
o
τ= 0 , or equivalently λ0,U U + λ0,Θ tanΘ = 0 ,
where we used the relations β,u= β,o
pi
o
pi,u and β,θ = β,o
τ
o
τ ,θ +β,o
pi
o
pi,θ. Solving Eqs. (B1), (B2), (B3), and (B6) one
may infer the first order coefficients in the expansions (20)
o
τ = 2 arctan
[
e−ν(tan 1
2
θ)K
]
, (21)
q =
1√
K
sin 1
2
θ cos 1
2
θ
[
eν(cot 1
2
θ)K + e−ν(tan 1
2
θ)K
]
, (22)
o
f =
a0α
K
ln
(
sin
o
τ
1 + cos
o
τ
)
, (23)
o
pi,u =
1
βq
, (24)
where K ≡ 1+a20α2
α
and ν is an arbitrary constant. The axis (which is the same in both coordinates, i.e. Θ = 0, pi →
θ = 0, pi) is singular for K 6= 1 as q goes to 0 for K < 1 and to ∞ for K > 1 there. Since the coordinate system {t,
ρ, z, ϕ} can be chosen in such a way that a0 = 0, we present here news functions for a0 = 0 and the case a0 6= 0 is
given in App. B. From Eqs. (B7) and (B8) we obtain the news functions
c,u = 12µ1,u−
q,θ
2
2q2
− q,θ cot
o
τ
q2
√
α
+
1
2q2β sin2
o
τ
− 1
2
− cot
2 oτ
2q2α
, (25)
d,u = − 12αa1,u . (26)
Having the news functions of the system one can compute the Bondi mass, see [2].
For a special case K = α = 1, i.e. for a regular axis, we get from (21), (22), and (23)
o
τ = 2 arctan
(
e−ν tan 1
2
θ
)
,
q = cosh ν + cos θ sinh ν , (27)
o
f = 0 .
Coordinate systems with different ν are connected by Lorentz transformations along the axis belonging to the Bondi-
Metzner-Sachs group and thus as in [11] we may without loss of generality put ν = 1 which implies q = 1 and
o
τ= θ.
Then the coefficient
o
pi can be computed from the relation
∫
eλ0(
o
pi, θ)d
o
pi= u+ ω(θ) (28)
6obtained from Eq. (24). The function ω(θ) in (28) represents a supertranslation also belonging to the Bondi-Metzner-
Sachs group and thus it may be again put equal to zero without loss of generality. Finally the news functions (25)
and (26) read
c,u = − 1
2 sin2 θ
+
1
2β sin2 θ
+ 1
2
µ1,u=
1
2β sin2 θ
(1− β + µ1,u β sin2 θ) , (29)
d,u = − 12a1,u . (30)
For a1 = 0 (29) and (30) reduce to news functions as given in [11, 12] for the nonrotating case.
APPENDIX A: COORDINATE SYSTEMS ADAPTED TO THE BOOST AND ROTATION SYMMETRIES
In the nonradiative stationary region bellow the roof, spinning brs metric can be transformed to the stationary
Weyl coordinates {t¯, ρ¯, z¯, ϕ¯} with the Killing vectors ξ = ∂ϕ¯, η = ∂t¯ and the metric
ds2 = −e−2U [e2ν(dρ¯2 + dz¯2) + ρ¯2dϕ¯2] + e2U (dt¯+ adϕ¯)2 . (A1)
Vacuum Einstein’s equations have the form [17]
U,ρ¯ρ¯+U,z¯z¯ +
U,ρ¯
ρ¯
= −e
4U
2ρ¯2
(a,ρ¯
2 + a,z¯
2) ,
0 =
(
e4U
a,ρ¯
ρ¯
)
,ρ¯+
(
e4U
a,z¯
ρ¯
)
,z¯ ,
ν,ρ¯
ρ¯
= U,ρ¯
2 − U,z¯2 − e
4U
4ρ¯2
(a,ρ¯
2 − a,z¯2) , (A2)
ν,z¯
ρ¯
= 2U,ρ¯U,z¯ − e
4U
2ρ¯2
a,ρ¯a,z¯ .
Another appropriate coordinate system in the stationary region bellow the roof is {γ, ρ, β, ϕ} with Killing vectors
ξ = ∂ϕ, η = ∂γ and the metric
ds2 = −eλ(dρ2 + dβ2)− ρ2e−µdϕ2 + β2eµ(dγ + adϕ)2 , (A3)
connected with the stationary Weyl coordinates by (see (5.4), (5.6) in [10])
t¯ = γ , ρ¯ = ρβ , z¯ − z¯0 = β
2 − ρ2
2
, ϕ¯ = ϕ , z¯0 = const , e
2U = β2eµ , e2ν =
β2
ρ2 + β2
eµ+λ .
Vacuum Einstein’s equations read
µ,ρρ+µ,ββ +
µ,ρ
ρ
+
µ,β
β
= −β
2
ρ2
e2µ(a,ρ
2 + a,β
2) ,
0 =
(β3
ρ
e2µa,ρ
)
,ρ+
(β3
ρ
e2µa,β
)
,β ,
(ρ2 + β2)λ,ρ = (ρ
2 − β2)µ,ρ−2ρβµ,β − 12ρβ2(µ,β2 − µ,ρ2) + ρ2βµ,ρ µ,β (A4)
+
β4
2ρ
e2µ
(
a,β
2 − a,ρ2 − 2 ρ
β
a,ρ a,β
)
,
(ρ2 + β2)λ,β = (ρ
2 − β2)µ,β +2ρβµ,ρ+ 12ρ2β(µ,β2 − µ,ρ2) + ρβ2µ,ρ µ,β
− 1
2
β3e2µ
(
a,β
2 − a,ρ2 + 2β
ρ
a,ρ a,β
)
.
The stationary region of a brs spacetime, under the roof, is composed of two identical regions (z > 0, z > |t| and
z < 0, z < −|t|) and each of them can be transformed to coordinates {t¯, ρ¯, z¯, ϕ¯} or {γ, ρ, β, ϕ}.
By further transformation (3.5) in [10] to coordinates {t, ρ, z, ϕ}
tanh γ = ± t
z
, β =
√
z2 − t2 , B ≡ β2 , A ≡ ρ2 ,
7we arrive at the metric (1) where nonstationary region above the roof (again composed of two identical regions)
appears as in the nonspinning case [10].
For examining regularity of the axis it is convenient to transform (1) to coordinates {t, x, y, z}, where x = ρ cosϕ,
y = ρ sinϕ:
ds2 = − 1
x2 + y2
[
(eλx2 + e−µy2)dx2 + (eλy2 + e−µx2)dy2 + 2xy(eλ − e−µ)dxdy
− z
2 − t2
x2 + y2
a2eµ(−ydx+ xdy)2 − 2aeµ(−yzdxdt+ ytdxdz + xzdydt− xtdydz)
]
(A5)
− 1
z2 − t2 [(e
λz2 − eµt2)dz2 − 2zt(eλ − eµ)dzdt− (eµz2 − eλt2)dt2] .
Let us finally write down vacuum Einstein’s equations for the metric (10) with the Killing vectors ξ = ∂ϕ, η = ∂χ
µ,ρρ−µ,bb+µ,ρ
ρ
− µ,b
b
=
b2
ρ2
e2µ(a,ρ
2 − a,b2) ,
0 =
(b3
ρ
e2µa,ρ
)
,ρ−
(b3
ρ
e2µa,b
)
,b ,
(ρ2 − b2)λ,ρ = (ρ2 + b2)µ,ρ−2ρbµ,b− 12ρb2(µ,b2 + µ,ρ2) + ρ2bµ,ρ µ,b (A6)
+
b4
2ρ
e2µ
(
−a,b2 − a,ρ2 + 2ρ
b
a,ρ a,b
)
,
(ρ2 − b2)λ,b = −(ρ2 + b2)µ,b+2ρbµ,ρ− 12ρ2b(µ,b2 + µ,ρ2) + ρb2µ,ρ µ,b
+
b3
2
e2µ
(
−a,b2 − a,ρ2 + 2 b
ρ
a,ρ a,b
)
.
The coordinates {b, ρ, χ, ϕ} for the nonstationary region above the roof are analogical to coordinates {γ, ρ, β, ϕ}
(A3) in the stationary region bellow the roof.
As for (3)–(6), in each set of Einstein’s equations (A2), (A4), and (A6), the first two are integrability conditions
for the other two.
APPENDIX B: TRANSFORMATION OF THE SPINNING BRS METRIC TO THE BONDI-SACHS
COORDINATES
The spinning brs metric (1) with expansions (17)–(19) being transformed to the Bondi-Sachs coordinates with
the metric (14) using transformations (16), (20) and compared with (15) leads to lenghty equations for coefficients of
the asymptotic transformation (20) and metric functions from (15). We present here only their solutions:
(guφ, r
2) = 0 →
o
f,u=
o
τ,u
a0α
K sin
o
τ
,
(guu, r
2) = 0 → oτ,u= 0 =
o
f,u ,
(guu, r
1) = 0 → q,u= 0 ,
(gθφ, r
2) = 0 →
o
f,θ =
o
τ,θ
a0α
K sin
o
τ
, (B1)
(gθθ, r
2) = −1 → oτ ,θ = ±
√
K
q
(we will use the sign +) , (B2)
(gur, r
0) = 1 → opi,u= 1
βq
, (B3)
(grφ, r
0) = 0 →
1
f=
a0α
q sin2
o
τ
1
τ q sin
o
τ +
o
pi cos
o
τ
K
,
(grθ, r
0) = 0 → 1τ= − 1o
τ,θ q sin
o
τ
[
o
pi,θ βK sin
o
τ +
o
pi
o
τ ,θ cos
o
τ (1− βK)
]
, (B4)
(grφ, r
0) = 0 →
1
f=
a0αβ
q
o
τ ,θ sin
2 oτ
(
o
pi
o
τ,θ cos
o
τ − opi,θ sin oτ ) ,
8(guθ, r
1) = 0 → 1τ,u= 1
βq3
o
τ ,θ sin
o
τ
[
q,θ βK sin
o
τ +
o
τ ,θ q cos
o
τ (−1 + βK)
]
, (B5)
(gθθgφφ, r
3) = 0 → oσ= 1
2
o
τ,θ
3
sin2
o
τ
{
o
τ,θ
3
(1 − 2 sin2 oτ ) opi (1− βK) +K sin oτ
[
β
o
pi,θ (
o
τ ,θ
2
cos
o
τ − oτ ,θθ sin oτ)
+
o
τ ,θ
(
β,θ (
o
pi,θ sin
o
τ − opi oτ,θ cos oτ ) + β opi,θθ sin oτ
)]}
,
(gφφ, r
2) = − sin2 θ → sin oτ= ± sin θ
q
√
K
, (B6)
(gφφ, r
1) = 2c sin2 θ → c = − 1
2q sin2
o
τ (1 + a20α
2)
[
2 sin
o
τ (1 + a20α
2)(
o
σ sin
o
τ +
1
τ q cos
o
τ )
+ µ1q sin
2 oτ (−1 + a20α2) + 2a0α2(a0
o
pi +a1q sin
2 oτ )
]
→ c,u= −a0α
K
a1,u+
1− a20α2
2(1 + a20α
2)
µ1,u−q,θ
2
2q2
− q,θ cot
o
τ
√
K
q2
+
1− a20α2
2q2β sin2
o
τ (1 + a20α
2)
− 1
2
− Kcot
2 oτ
2q2
, (B7)
(gθφ, r
1) = −2d sin θ → d = − 1
2qK sin2
o
τ
[
(1 − a20α2)q sin2
o
τ a1 + 2qa0µ1 sin
2 oτ +2a0
o
pi
]
→ d,u= − a0
q2Kβ sin2
o
τ
− a0
K
µ1,u−1− a
2
0α
2
2K
a1,u . (B8)
Equations (guu, r
0) = 1, (guθ, r
2) = 0, (guφ, r
1) = 0, (grr, r
−1) = 0, (grθ, r
1) = 0, (grφ, r
1) = 0, and (gθθ, r
1) = −2c
are satisfied identically.
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